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Formulation of the problem. Linear ordinary differential equations are an 

important class of mathematical objects that are widely used in science and 

engineering. However, finding analytical solutions to linear ordinary differential 

equations can be a difficult task. This especially applies to ordinary differential 

equations of higher orders and ordinary differential equations with variable 

coefficients. In this article, we consider methods for solving linear ordinary 

differential equations and the role of integrating factors in facilitating this process 

using the Maple computing package. 

Analysis of research and publications.In the world of mathematics and 

computer science, numerous studies have been conducted on the solution of linear 

ordinary differential equations. Many of these studies highlight the important role of 

integrating factors in the process of finding analytical solutions. Integrating factors 

are functions used to simplify ordinary differential equations and find integrals of 

solutions. It is also important to note that computational mathematics packages such 



as Maple provide the ability to automate the process of analyzing and solving 

ordinary differential equations, making them more accessible for use in practical 

problems. 

The purpose of the article. The purpose of this article is to study the methods 

of analysis and solution of linear ordinary differential equations using the Maple 

package and to study the role of integrating factors in this context. Specific tasks of 

the article include: 

- Review of basic concepts and approaches to solving linear ordinary 

differential equations. 

- Analysis of the capabilities of the Maple package for the analysis and solution 

of ordinary differential levels. 

- Research on the use of integrating factors in the process of finding analytical 

solutions. 

- Presentation of examples of solving specific linear ordinary differential 

equations using the Maple package and integrating factors. 

Solving linear ordinary differential equations is a classic problem of 

mathematical physics and engineering. Many researchers have studied this problem 

and developed various solution methods, such as the method of separation of 

variables, the method of variation of constants, the method of characteristic 

equations, etc. However, it is important to emphasize that the use of computational 

mathematics packages, such as Maple, greatly simplifies the process of solving linear 

ordinary differential equations and allows obtaining accurate analytical solutions. 

The main goal of this article is to study the methods of solving linear ordinary 

differential equations using the Maple package and to study the role of integrating 

factors in this context. We will also provide specific examples of using these methods 

in Maple to solve various types of linear ordinary differential equations. 

Overview of methods for solving linear ordinary differential equations in 

Maple. Linear ordinary differential equations are fundamental in mathematical 

modeling and science, and the Maple package provides many convenient and 



powerful tools for solving them. In this review, we will look at several methods for 

solving linear ordinary differential equations in Maple, along with specific examples. 

1. Using the dsolve function: the ”dsolve” function in Maple allows you to 

solve linear ordinary differential equations. For example, consider a simple equation 

of the first order: 

with(DEtools): 

dsolve(diff(y(x), x) + 2*y(x) = 0, y(x)); 

This code will solve the ordinary differential equation ”$\frac{dy}{dx} + 2y = 

0$” and output the solution: 

y(x) = C*exp(-2*x) 

where ”C” is an arbitrary constant. 

2. Method of variation of constants: the method of variation of constants is 

used to solve linear ordinary differential equations of the first order with constant 

coefficients. Consider an example: 

with(DEtools): 

ode := diff(y(x), x) + a*y(x) = b; 

dsolve(ode, y(x), method = variation_of_parameters); 

In this code, ”a” and ”b” are constant parameters. Maple will solve the ZDR 

and output a general solution of the form: 

y(x) = (1/a) * (-b + C*exp(-a*x)) 

3. Method of separation of variables: the method of separation of variables is 

used to solve linear ordinary differential equations of higher orders. Consider an 

example of an ordinary differential equation of the second order: 

ode := diff(y(x), x$2) + 4*diff(y(x), x) + 4*y(x) = 0; 

dsolve(ode, y(x)); 

Maple will solve this ordinary differential equation (or any other) and output 

the solution: 

y(x) = (C1 + C2*x) * exp(-2*x) 



4. Method of integrating factor: the integrating factor method helps to solve 

linear ordinary differential equations with variable coefficients, turning them into 

exact equations. Consider an example: 

ode := (2*x^3 + x^2 - 1)*diff(y(x), x) + (x^2 - 1)*y(x) = 0; 

intmult := integrating_factor(ode, y(x)); 

dsolve(ode*intmult, y(x)); 

Maple will automatically find the integrating factor and solve the ordinary 

differential equation derived in exact form. 

   These examples demonstrate how Maple can be a powerful tool for solving 

linear ordinary differential equations of different orders and with different 

coefficients. The integration of these methods with additional calculations and 

analysis allows solving complex problems in science and engineering, where linear 

ordinary differential equations play an important role. 

  Consider the role of integrating factors in solving linear ordinary differential 

equations. 

   The integrating factor is a function that is introduced into a linear ordinary 

differential equation in order to convert it into an exact (integrated) equation. The 

introduction of an integrating factor can significantly simplify the process of finding 

a solution to a linear ordinary differential equation and make it more accessible for 

analytical solution. 

Consider two cases of how to determine the integrating factor: 

1. The method of the integrating factor: the first thing to do is to write a 

linear ordinary differential equation in the form: 

M(x, y)dx + N(x, y)dy = 0, where  

M(x, y) and N(x, y) are the functions that define an ordinary  

differential equation. Next, you need to find the following function 

μ(x, y), which multiplies both sides of the equation and makes it exact, i. e.: 

μ(x, y)Mdx + μ(x, y)dy = 0.  

From here we can write two partial differential equations with respect to 



   μ(x, y):  
∂(μM)

∂y
=

∂(μN)  

∂x
 

If these equations have a common integral factor, then it is the integrating factor  

for the original ordinary differential equation.           

Bernoulli's equation: 

   The integrating factor for the Bernoulli equation has the form μ(x) =

𝑒∫ 𝑃(𝑥)𝑑𝑥,  

where 𝑃(𝑥) is a function that appears in the Bernoulli equation. 

The influence of the integrating factor on the solution of the ordinary 

differential equation: the introduction of an integrating factor allows us to transform 

the original ordinary differential equation into an exact equation, which means that 

there exists a function  F(x, y), which satisfies the following conditional differential 

equation: 

𝜕𝐹

𝜕𝑥
𝑑𝑥 +

𝜕𝐹

𝜕𝑦
𝑑𝑦 = 0 

Then the function F(x, y),  can be found and is the general solution of the 

original ordinary differential equation. In other words, the integrating factor helps to 

find the exact integral of the original ordinary differential equation that can be found 

by integration. 

Let's consider some examples of defining integrating factors for specific linear 

ordinary differential equations: 

1. Linear ordinary differential equation of the first order: сonsider a linear 

ordinary differential equation of the first order 𝑦′ + 𝑃(𝑥)𝑦 = 𝑄(𝑥). 

The integrating factor is defined as μ(x) = 𝑒∫ 𝑃(𝑥)𝑑𝑥 . For example, if 𝑃(𝑥) =

2𝑥, then the integrating factor will be  μ(x) = 𝑒𝑥2
. 

2. Linear ordinary differential equation of the second order: сonsider a 

linear ordinary differential equation of the second order 𝑦′′ + 𝑃(𝑥)𝑦′ + 𝑄(𝑥)𝑦 = 0. 

The integrating factor can be found using a known method. For example, if  

𝑃(𝑥) = 2𝑥 and 𝑄(𝑥) = 𝑥2, then the integrating factor can be found as  μ(x) = 𝑒𝑥2
. 



Integrating factors are important for solving linear ordinary differential 

equations because they transform them into exact equations that can be easily 

identified and solved. They expand the possibilities of analytical solution of 

differential equations and help solve a wide range of problems in science and 

engineering. 

   Let's consider practical examples of solving linear ordinary differential 

equations in Maple: 

1. Solving a first-order linear ordinary differential equation with constant 

coefficients using the integrating factor method in Maple: сonsider a linear ordinary 

differential equation of the first order: 𝑦′ + 2𝑥𝑦 = 4𝑥 

First, let's find the integrating factor  μ(x):  

restart; 

with(DEtools): 

ode := diff(y(x), x) + 2*x*y(x) - 4*x = 0; 

intmult := integrating_factor(ode, y(x)); 

intmult; 

Maple will output the integrating factor: μ(x) = 𝑒𝑥2
.  

 Now, we can use this integrating factor to solve the ordinary differential 

equation: 

sol := dsolve(ode*intmult, y(x)); 

sol; 

Maple will output the solution of the ordinary differential equation: 𝑦(𝑥) =

1

𝜇(𝑥)
𝜇 (∫ (𝜇(𝑥) ⋅ 4𝑥)𝑑𝑥 + 𝐶) 

2. Solving a higher-order ordinary differential equation with variable 

coefficients and finding integrating factors for them in Maple: сonsider an ordinary 

differential equation of the second order with variable coefficients:  

𝑦′′ + 𝑥2𝑦′(𝑥) + 𝑥𝑦(𝑥) = 0 

First, we find the integrating factor: 

restart; 



with(DEtools): 

ode := diff(y(x), x$2) + x^2*diff(y(x), x) + x*y(x) = 0; 

intmult := integrating_factor(ode, y(x)); 

intmult; 

Maple will output the integrating factor: μ(x) =
1

𝑥
 

Now, we can use this integrating factor to solve the ordinary differential 

equation: 

sol := dsolve(ode*intmult, y(x)); 

sol; 

Maple will output the solution of the ordinary differential equation:  

 𝑦 =
1

𝜇(𝑥)
 (∫ (𝜇(𝑥) ⋅ 0)𝑑𝑥 + 𝐶1𝑥 + 𝐶2) 

"𝐶1” and "𝐶2"  are arbitrary constants. 

These examples demonstrate how you can use Maple to solve linear ordinary 

differential equations of various orders using the method of integrating factors. Maple 

automatically finds integrating factors and solves an ordinary differential equation, 

allowing you to obtain analytical solutions for various types of differential equations. 

Conclusions and prospects for further research. This article discussed the 

important topic of research of linear ordinary differential equations and methods of 

their solution using the Maple package. The main attention was paid to the role of 

integrating factors in the solution of linear ordinary differential equations. 

   Methods for solving linear ordinary differential equations in Maple were 

reviewed, including the use of built-in functions, the variational constant method, the 

separation of variables method, and the integrating factor method. 

  In particular, the integrating factor method was discussed in detail, and it was 

shown how to define and use the integrating factor to transform a linear ordinary 

differential equation into an exact equation that can be easily solved. With Maple, 

researchers and engineers can quickly and efficiently solve various linear ordinary 

differential equations encountered in science and engineering. It allows solving a 



variety of tasks, including modeling of physical phenomena and analysis of 

engineering systems. 

Regarding the prospects for further research, several directions can be noted: 

1. Development of solution methods: improvement and development of 

methods for solving linear ordinary differential equations, including more complex 

equations with variable coefficients and conditions. 

2. Exploring Additional Applications: Exploring other areas where linear 

ordinary differential equations and integrating factors may have important 

applications, such as physics, biology, and finance. 

3. Maple enhancements: Improved the functionality and capabilities of 

Maple for solving differential equations, including providing support for more 

complex types of ordinary differential equations. 

All these areas of research will contribute to the further development of the 

field of differential equations and their use in various fields of science and 

engineering. 
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