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YOK 511.2

P-HOPMAJ/IN3OBAHHBIE HOC/IEJTOBATEJIBHOCTHA
HATYPAJIBHBIX YUCE/

10.1. Boakos , O.1O. BoikoBa

JlaeTbcs BHU3HAUEHHS CIHELIAIBHOIO IEPETBOPEHHS JOBUIBHUX IOCIIIOBHOCTEH
HEBIJI'’EMHUX IUIMX 4YMCEN, SIKI MICTATH Yy cOOl TUIBKM CKIHYEHHE YHCIO HEHYJIbOBHX
ereMeHTiB. [loBoauTcs, 110 3a JIOINOMOIOK CKIHYEHHOI'O 4YHCIIa TaKUX IEpEeTBOPEHb
JOBUIBHY MOCIIJOBHICTh MOJKHA IPUBECTH JO JESKOr0 KAHOHIYHOTO BHUIY (MOKHA
HopMmaizyBaTH). lLlel pe3ynbTaT 3acTOCOBYETHCS i MOOYIOBH CHCTEM UHCICHHS 3
IppallilOHaJIbHUMU OCHOBaMH, 30KpeMa, OJMM 13 HacliJKiB € TeopeMa beprmana mpo
CUCTEMY YHCJICHHS] OCHOBA SIKOT € 30JI0Ta MPOTPIis.

We define a spezial transformation of arbitrary sequences nonnegative integers with
only finitely many non-zero elements. We prove that any sequence can be reduced to a
normalized form using a finite number of such transformations. This result can be useful
for construction systems of numeration with irrational bases. In particular, Bergman
theorem about a system of numeration with base golden ratio is a corollary of our result.

[Iycth  nmaHa  TIpOW3BOJIBHAS  JIBYCTOPOHHSS  ITOCJICJIOBATEIBHOCTH
HEOTPHUIIATEIBHBIX IEJIBIX YHUCEN, KOTOpas COACPKUT TOJIBKO KOHEUYHOEC YHCIIO
HEHYJICBBIX 3JIEMEHTOB:

(1) ,0,0,a,,+,a,,ay,a_, > a_; 0,0,

ByneM W3MEHSATH WIECHBI 3TOW IOCIICIOBATEIBHOCTH IPH ITOMOINHM ABYX
npeobpazoBanuid. [lycth

(2) mZ Py Z 2P 2py >0

HATypaJIbHbIC YUCIIa U IyCTh Kk € Z .

Omnpenenenue 1. P-npeobpazosanuem nep8oco muna Ha3vl8aemcs 3aMeHd
noonocnedosamenvnocmu (I111)

(3) {a, a5, 5a5,,)
na lll1
4) lay s +tLhay —p,.ai, —Pol-

P-npeobpaszosanuem eémopozo muna nasvieaemcs samena I111

(5) {ak—l ,Clk,"',ak+m+1}
na l1ll
(6) la, +La,—p,—La, + P, —Pui>sQpm T PL— PosApima T Pot -

P-npeoGpa3oBanusi, KOTOpble HE MOPOKAAIOT OTPULATEIBHBIX UJICHOB,
Ha3bIBAIOTCS JOIYCTUMBIMH.

3aMeTHM, 4YTO Kaxaoe IpeoOpa3zoBaHUE MEPBOrO THUMA YMEHBIIAET CyMMY
YJICHOB MOCJIE10BATENBHOCTH Ha Pwt Pyt -+ py—lenunun, a

HpCO6paBOBaHI/IC BTOPOI'O TUIIA CYMMY YJICHOB IIOCJICAOBATCIBbHOCTHU HC MCHICT.
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Onpenenenue 2. [l (3) ¢ HeompuyamenbHbiMu YleHAMU HA3LIBACTICSL
HOPMANU308aHHOU 1-20 muna, eciu xoms 6bl OOHO U3 YUCEN Ay — P, " s0grm — Do

ompuyamenvroe, IIII (5) ¢ HeompuyamenvHblMu YleHAMU  HA3bLIBAEHICA
HOpManu306annou 2-2o muna, eciu a, — p,, —1<0.

Onpenenenue 3.  [locieoosamenvnocmv (1)  Hazvieaemcsa — P-
HOPMANU308AHHOU, eCclu 0N 8CAK020 ke Z noonocnedosamenvrocmu (3) u (5)
ABNAIOMCSL HOPMATUZOBAHHBIMU, COOMBEMCMBEHHO, 1-20 unu 2-20 munos.

TeopeMa 1. HpOMSGOJZbHyIO NnoC1e008amelbHOCMb C KOHEYHbIM YUCIIOM
HeompuyamejlbHblX YEJjlblX YUcel 3d KOHEeYHoe YUCio P—npeo6pa306aﬂuﬁ nepeoco u
6MoOpoco MUNOB MOICHO HOPMAIU3068AMb.

Jloxazamenvcmeo. CHavana HaJ HalIedl MOCIEIOBATEIBHOCTHIO BBIIOIHUM
BCE JIONyCTUMbIE MpeoOpa3oBaHUsl NEPBOrO THUIA, HUX MOXKET OBITh TOIBKO
KOHEYHOE YHCIo, MO0 3TH NpeoOpa3oBaHUS YMEHBIIAIOT CYMMY YJIEHOB
nociienoBaTenbHOCTU. Kpome Toro, mpeodpa3oBaHus IEpBOro TUIIA HE MOPOKAAIOT
HoBble [III, KOTOpBIE HaxomsATCs JieB€E U K KOTOPBIM MOYKHO HPUMEHSTH
npeoOpa3zoBaHusl BTOPOrO THUIIA.

Janpiie Oynem IIPOCMATPUBATh YJICHBI npeoOpa3oBaHHOU
IIOCJIEIOBATEIILHOCTH CJIEBA HAIIPABO 10 TeX HOop 1moka He BcrpeTuM III1 k kotopoi
MO>KHO MTPUMEHUTH IPE0Opa30BaHNE BTOPOTO THIIA.

Brimonnum 3TO npeoOpa3oBaHue. Ecmu MOJIy4YEHHas IIIT
HEHOPMAJIM30BaHHAS, TO BBIMOJHUM (€CIM HTO BO3MOXKHO) MpeoOpa3oBaHUE
[IEpBOr0 THUIIA.

B pesynbraTe Takoil mpouenypel k—blii WIEH TMOCJIEI0BATEIBLHOCTH
YMEHBIIUTCA, a  CJIENOBaTEJIbHO,  4Y€pe3  KOHEYHOE  YHUCJIO  IIaroB
HenopmanuzoBanHas III1 wa mecte IIII (3) ucue3HET, HO MOXKET MOSBUTHCS
HeHopManuioBaHHas [III cmpaBa m k atoit [III mMoxHO Oymer HpPUMEHUTH
npeoOpa3zoBaHuE BTOPOIO THIIA.

[TockonbKy HEHYJEBBIX YICHOB MocieaoBaTeNbHOCTH (1) nMeeTcs KOHeUHoe
YHCJIO, TO B pe3ylbTaTe KOHEYHOIO 4YHcia MpeoOpa3oBaHUN BTOPOro THUIA
HCUYE3HYT Bce HeHOpMai3oBaHHbIe [111.

Teopema 2. Ilycme A(X) npou3eonvHblil MHO20UNIEH C HEOMPUYAMENbHLIMU
yenvimu Kod(uyuenmamu u p, 2 p, -2 p, =22 p, >0 namypanvuvie
yucna. Toeoa cywecmeyrom maxue HamypanvHoe r u mHoeounen C(x) c

koapuyuenmamu uz muosxcecmea {0,1,2,---, p +, umo mnozcounen C(x)—x"A(x)

0enumcs Ha MHO20YJIeH

m+l m m—1
X _pmx _pm—l‘x _.'._pl‘x—pO‘
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2
Hokazamenvcmeo. Ilycts  A(x)=a,+a,x+a,x” +---+a,x". TlocraBum

ATOMY MHOTOYJIEHY B COOTBETCTBHE IOCJICIOBATEIILHOCTh €ro K03 (UIIUEHTOB
---,0,0,a,,--,a,,a,,--. P-npeoOpa3oBaHusM NEPBOro THUIIA OTBEYAECT IPUOABIICHUE

K MHOTOYJIEHY A(x) BBIpaKEHUI BUJA
m+1 m m—1
(X “PmX T PmaX
a P-npeoOpa3oBaHusiM BTOPOro TUIA OTBEYAET MPUOABICHUE K MHOTOWIECHY
A(x) BbIpa)keHUM BHJIA
m+2 m+1 m s
(X = (D + DX (D) = D)X (D1 = Po) X+ Po) X =
m+1 m m—1 s
(X" = puX” =Py~ pix—po)(x—Dx',s e Z.

— = pX=p)X’,s€Z,

CrnenmoBatenibHO, aITOPUTMY HOpMaJM3alluy MOCJIeI0BaTeIbHOCTH (2) OyaeT
OTBEYaTh NMPUOABIEHUE K MHOTOWIEHY A(X) pa3HOOOpa3HBIX BBIPAKEHUN ATHUX

BUJIOB, CyMMY KOTOPBIX MOKHO 3anucaTh TakK:
1 -1
R(x)(x"" =p, x"—p, X" ——px—py)x’, r1me  R(x)  MHOrowieHn
-1 .
OTHOCUTEIBHO Xx . B pesynbpTare mnpuOaBICHUN MBI TOJYYMM MHOTOYJICH
m+1 m m—1 -1
Ax)+ R(x)(x"" - p,x" -p, x"" —---=p,x—p,)  OTHOCUTEIBHO X c

k03¢ punnenramu n3 Mmuoxectsa {0,1,2,---, p }. Ecin 0003HaUYNTh MUHUMAJIBHBIN
MoKa3aTeab X B BeIpaxkeHuu R(x)uepe3 (—7), TO MHOTOUJICH

(7) C(x) = A(x)x" + R(x)(x"" —p, x" —p, x" " =i = px—po)x’,
OyJ1eT NCKOMBIM.

CaencrBue 1. Ilycmv N npouszsonvbHoe HamypanibHoe HUCIO, d A KAKOU-

HUOYOb HYb (He 00 13ameNbHO OelicmeUmenbHblil) MHO20UIeHa

m+1 m m—1
X _pmx _pm—l‘x _.'._pl‘x—pO‘

Toeoa cywecmseyem makas JUHEUHA KOMOUHAYUSA PA3TUYHBIX UYeTblX
cmenenell yucina A ¢ kodgp@uyuenmamu uz mumoxcecmea {0,1,2,---,p }, umo ee

3Hauenue paeno N, a nocnedoeamenvbHOCmMb KOIPPuyueHmos >3moiu IUHEtHOU
KomouHayuu 6yoem P-nopmanuzosannoii.
JleficTBUTENIbHO, BO3bMEM B KayecTBe MHorowieHa A(x) wuucio N u
MOJIOKUM B COOTHOIIEHHH (7) X=A, B pe3yJIbTaTe NOJy4YUM TpeOyeMblil pe3yJibTar.
Hpumep 1. Ilycme m =0, p, > 0. Toe0a npoussonrvHoe HamypaibHoOe YUCTIO
MOJICHO npedcmasums 6 uoe KOHeUHOU NUHEUHOU KOMOUHAYUY PASTUYHBIX YeTblX

cmenenel 4ucia Po, Mmo-ecnib, 6 I9MoM cjiayddae ajicopumm Hopmaltusayuu
npespauwjaemcsa 6 aicopumm noJjy4eHus kooa uucia N 6 cucmema cuucienus c

OCHOBAHUM Dy.
1+ \/§
2

Ipumep 2. Ilycmv ¢ = =1,61803398877498--- 3010masn nponpyus.

Toeoa npous3eojibHoe HamypailbHoe YUCI0 MONCHO npedcmaeumb 8 6UO0e KOHEYHOU
JUHELHOU KOM6MHCZL[MM PA3TUYHBbIX Henocied06amenbHbixX yeuvlx cmenenetl yucia

0.
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JIe/iCTBUTEIbHO, 30710Tas IPOMOPLHS KOPEHb ypaBHEHHM x° —x—1=0,
noJoxkuM m =1, p; = p, =14 Bocnons3zyemcs cieacTBUEM 1.

Bnepseie 3TOT pe3ynbpTaT ObLT monydeH B 1957 romy beprmanom [1] u
MOCITY>KUJT MOTHUBOM [UJIE TIOCTPOCHHS OWHApPHOM CHUCTEMBl CYHCJICHHUSA C
MppalUOHAIBHBIM OCHOBaHMEM ¢ . Koabl yncen B Takod CUCTEME Ha3bIBAIOTCS
KOJaMM 30JI0TOM Iponopuuu. boriee aerasbHO ¢ TaKOW CUCTEMOW CUMCIIEHUS
MO>KHO MMO3HAKOMUTHCA B [2].

Hpumep 3. ITycms A kaxoii-nubyob xopens ypasmenus x> —x> —x—1=0.
Toeoa npouseonbHoe HAMYPAIbHOE YUCIO MONCHO NPEOCmasums 8 8Uoe KOHEeUHOU
JIUHEUHOU KOMOUHAYUY PA3TUYHBIX YeNblX CIeneHell Yucia A.

JIEUCTBUTENBHO,  IOJNOXKUM  m=2,p, =p, =p,=1n  Bocmonb3zyemcs

cineactueM 1. B3sgB kopeHb

A= % + %«3/19 333 + %3\/19 +3+/33 =1,8392867552141611326---

3da OCHOBAHHUC CHCTCMbI CHHCJICHUS, ITOJIYUYHUM 6I/IHapHYIO CUCTCMY CYHUCIICHH:.
HpI/IBCIICM HC6OJIBH_IYIO Ta6JII/II_Iy KOOOB HATYpPAJIbHBIX YHUCCII B TaKoOl CHUCTEME.

9HCIIO KO 9HCIIO KOJ
2 10.001 16 |10101.001000011
3 11.001 17 110110.010001011
4 100.100011 18 | 11000.010001011
5 101.100011 19 |11001.010001011
6 110.101011 20 ]11010.011001011
7 1000.101011 30 |101010.110010000011
8 1001.101011 40 | 1000001.001101010011
9 1010.110100011 50 |1001101.10010110110101
10 | 1100.010100011 60 |1100000.001010110110011
11 1101.010100011 70 | 1101100.100011010110011
12| 10000.100000011 80 [10001010.101000110010011
13 10001.100000011 90 ]10011001.000101010010011
14 110010.101000011 100 | 10101001.011010011010011
15 10100.001000011

9TI/I KOAbI JAKOT TAKXKEC HpI/IMepBI YUCIIOBBIX TO)KIICCTB, HaHpI/IMep,
T=2+2' 422+ 177+ 1°C

CaeactBue 2. [lycmb nocnedoosamenvHocms {v,}3a0ana npu nOMouju

PEKYPPEHMHO20 COOMHOULECHUSL
Viemsl = PoViem + PmtViama T F PV + DoV k€ Z,vy =1,
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Vi,° 'V, —HPOU3BOJIbHbLE. Toeoa npous3eojibHoe HamypaibHoe YUcjilo N moorcHo

npeocmasums 8 guoe
!

N= > nmv,,n, €{0,12,--p,}.
k=—r

B camowm niene, ecinu Ay, A, . Am+1 KOPHU YpaBHEHUS

()

_..._pl_x—poz()) TO

m+1 m—1

m
X —PuX T PuaX
_ k k k
vi =CA +CA D +Cy Ay, tae C,Cy,0e-,C TaKHME  HOCTOSHHBIC, UTO

C,+C,+--+C,,, =1,urorga, B cuny ciencraus 1
!

[
N = anli{f"aN: Z”MZH»

k= k=—r
MO3TOMY
! !
(Ci+C, ) N=N= znk(clllf + Czlllzc +CriiAipt) = Z”k"k '
k=-r k=-r

B cBsa3u ¢ monstueM P-mpeoOpa3zoBaHMs MOSBISICTCS 3ajada O KOJUYCCTBE
#(N) omepanuii qJIs HOpMaIU3alUK MPOU3BOJILHOTO HaTypajdbHOTO uncia N. Tak,
eciu m=0 , To mosiTHO, uT0 HN)=[N/py], cnemoBaTeIbHO,

fim M _ 1

Nowo N pg

B ciaydac m=1 MbI 1mojjaracM, 4To UMCCT MCCTO COOTHOLICHUC
T AP /R

2 Ut
Noo N pi —(po—1) A
B YaCTHOCTH, €CJIH po=p;=1, TO
o HV) \/5—1‘
Nowo N 2
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