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PIBHAHHA 3 HIJIOIO TA IPOBOBOIO YACTUHAMMU HA
YUYHIBCbKUX MATEMATHUYHUX OJIMIIIAJIAX B YKPAIHI

O.M. Boponuii

JlocaiKy0oThbCsl OCHOBHI CIIOCOOU PO3B’sI3yBaHHS PIBHSAHB 3 IIUIOKO Ta IpOOOBOIO YaCTHHAMU,
SK1 3aCTOCOBYIOTHCSI IIPU PO3B’A3yBaHHI 3a/1a4 Y KpaiHCbKUX MaTeMaTUYHUX OJIIMITia.

The paper examines the basic ways of solving equations with integer and fractional parts, as
well as the use there of in solving problems at Ukrainian Mathematical Olympiads.

PiBHSIHHS 31 3MIHHOIO TiJ] 3HAKOM 111101 a00 poOOBOi YacTHH B YKpaiHi nmovyaiu
MPOIMOHYBAaTH YYAaCHUKAM YYHIBCHKUX MAaTE€MaTHYHHUX OJIIMITIaJ] y JIPYTid MOJOBHHI
MUHYJIOTO CTOJITTSA. 3 THX Mip BOHU € YCTAJICHHUMHU 3aBJaHHSIMU MaTEeMaTUYHUX
omimmian. [IpuBaGnuBICTh LMX PIBHSAHb MOJATa€E B TOMY, LIO iX pPO3B’sI3aHHS HE
noTpedye N0JaTKOBOT TEOPETUYHOI MIATOTOBKH — y OUIBIIOCTI BUIAJKIB JIOCTATHHO
3HATH O3HAYEHHS IMX MMOHSTh:

yinoro uyacmunoro uucia a (ii nosmauarome cumeonrom |[al) Hazusaemvcs
HauoOibUe yine Yuco, sike He NepesuLye Uo2o:

[a]l =k, axwo k <a < k+1, 0e k —uyine uucno ;

0poboeoto yacmunoro yucia a (ii noznauaroms cumeoiom {a}) HA3UBAEMbCS
DISHUYIO MIJHC YUCTIOM [ 1020 YINOK YACMUHOI)!

{a} =a—[a].

Takox kopucHo mam’atatd, mo: 1) a=[a]+{a}; 2) [a+n]=[a]l+n 1A Oydb-
AKUX aeR 1 neZ, 3) {a+ny={a} 1181 OyAb-IKUX ae€R 1 neZ
4) 0<{a}<L{a}=0=aecZ; 5) [a]l+[-a]l=0, IKIMO acZ, 1 [a]+[-a]=-], KO a¢Z.

Opnna iX He MOXHa Ha3BaTu mpoctuMu. ONHI 3 MEPHIUX PIBHSAHb 3 LUIOKO 1
JIpoOOBOIO YaCTUHAMHU B YKpaiHi Oy piBHSHHSA

— na Kuiscpkiit omimmiani — [x* [+ [x? |+ [x] = &x}-1, 7 k., 1972 p.;

— JloHenpkiit obnacHii onimmiani y 1968 porii:

[“ﬂ:f-zx — 9 i [“3}:’“—‘1 ~ 10 ko1
2 3 2

— JIHInponeTpoBChKil 06IacH N omiMImiami — 1/x — {x} —/x —[x] = % , 9 xi., 1974 p.
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[Ipu po3B’si3yBaHHI HABEIEHUX PIBHSHb BUKOPUCTAHO TaKi CIIOCOOU:

—  PO38’A3Y8AHHA 3A O3HAUEHHAM 1 81ACMUBOCMAMU YLNO0I i OpobO08OI YacmuH,

— 3B8€0€HHsl PIBHAHHA 3 YIIOK UYACMUHOW 00 CUCMEMU BI0OMUX DIBHAHb |

HepieHOoCmel 3 YiIuM napamempom,

— JoKanizayis ooaacmi 0ONyCMuMUX 3Ha4eHb PIGHAHHL.

[lepmnii 1 pyruit cnocoOu Aar0Th MOKIIMBICTH PIBHSHHS 3 LIJIOKO 1 APOOOBOIO
YacCTMHAMM 3BECTH JI0 PIBHIHB 1 HEpiBHOCTEH 0€3 11101 1 APOOOBOT YACTHH.

Tepmin «jtokanizamiss» (BiA JaTMHCBKOTO localis — micueBui, locus — Miclie)
o3Havyae oOMexxeHHs Micug Aii. [1ig cnocoboM okanizayii po3yMIeThCS BUAUICHHS 3
O/13 piBHAHHS 0OMEXEHOT MZIMHOXKUHU, Ha SIKIM MOTPIOHO TYKAaTH PO3B’SI3KHU.

Amnani3 3aBaHb 3 IUIOI0 1 IpOOOBOIO YAaCTHHAMH, SIKI OYyJIM Ha PI3HUX eTamax
BceeykpaiHChbkUX YUHIBCHKUX OJiMIia] 3 MareMatuku (nani — BYOM) y pi3Hi pokw,
JAI0Th MiJICTaBy 3pOOUTH BUCHOBOK, IIIO 1I€ OCHOBHI CIIOCOOU PO3B’SI3yBaHHS TaKUX

3aBAaHb.

PiBHsIHHS, SIKI PO3B’A3YIOThCS 32 03HAYEHHSAM i BJACTHBOCTSMH

1. Po3p’s3atu piBHstHES [x° |+ [x |+ [x] = {x]-1.

P o3 B’ 3 aHnH 3. OCKUIBKH IIlJIa YaCTUHA JIMCHOIO YKCJA € I[IJIMM YUCIIOM, TO
JiBa YaCTHHA PIBHSIHHS NMpU OyAb-IKOMY 3HaUY€HHI 3MIHHOI x € LUIUM 4uciaoMm. Tomy
M mpaBa yacTUMHA PIBHSHHSA MOBMHHA OyTH LUIMM 4YuciioM. Lle MOXIMBO TUIBKH 3a
YMOBH, 110 {x} — iie yrcI0. CAUHUM LM 3HAYE€HHAM JpoOOBOi YACTUHHU YUCIA X
€ 4ucio Hylb. [IpoGoBa yacTHHA YKCIia € HYJIEM TUIBKU Yy BUIAJKY, KOJIU YUCIIO IILIe.
Tomy x — miie 4mcio, a OTKe: x°, x°— IUTl YMCla. 3a O3HAYCHHSM IIijla YacTHHA
LIJIOr0 4YHClia JOPIBHIOE CaMOMY 4YHCHY. SIK HaclioK [ICTa€EMO pPIBHOCUIIbHE
PIBHSIHHS x° +x”+x+1=0, pO3B’3KOM SIKOTO € —1. Bionogion: —1.

2. Posp’s3aty piBHsHHA |[x°|=[3x+2]+{x+2003}. (BYOM, IV eman, 2003 p., 9
KIL.).

P o3 B’ 3 a H H . PiBHICT MOXE BUKOHYBAaTHUCS TUIBKH 3a YMOBH, IO

{x+2003} =0. Ile crameTbcs TOMI, KOIM x — Ifiyie uyncio. Ane Tomi x° 1 3x+2 — I
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yuciaa. ToMmMy JiCTaEMO PIBHSHHS x° =3x+2, KOPEHSAMH SKOro € uyucia 1,1,2.
Bionosiow: 1,1, 2.

3. Posp’sizatu piBusuas  333383x = x. (BYOM, III eman, 2012 p., 10 kx.)

P o3 B’s3aHu H 1 3a o3HaueHHsIM {3x}=3x—[3x]. ToMy 3a BIACTHBICTIO
3) 33x}}={9x - 3[3x]} = (9x} . [IpooBXKyOUH MipKyBaHHS, JiCTAaHEMO
BEEREx) =243}, Omke, name piBHSHHS pPiBHOCHIIBHE DIBHAHHIO {243x} = x.
3B1JICH BUIUIMBAE, MO 0<x <11
243x —[243x]=x. Ockulbku 242x=[243x] — 1nule 49ucio 1 0<x<l, TO

x:i, k=0,1,..,241.
242

4. Po3p’s3atu piBasuus [x{x[x]}|=x*. (BYOM, IV eman, 2013 p., 9 xx.).
P o3 B’13au s Pisuicts [x{x[x]}]=x* Oyne Bukonysarucs, sxmo x> — mine

YUCIIO 1

5 5 x>0,
 <x{xx]f<x’ +1= .
x <{x[x]}<1.
Tomy xe[0;]). €AMHUM YHUCIOM 3 LBOIO MPOMIXKKY, KBaJIpaT SKOTO € L1IUM
yuciaoM, € yncio 0. Bionoesios: 0.

5. Po3B’s3aTu piBHAHHS [‘x‘] + ‘[x]‘ =1. (Kiposoepaocvka oba. on., 1996 p., 8 k1.).

1-ti  cnoci6 . PiBHAHHS  pIBHOCWJIBHE CYKYIHOCTI JBOX  CHUCTEM:

{I[X]|=1, {|[X]I=O,
[x1=0, ([lx[I=1.

Po3B’s13ku 1epioi CUCTEMHU DPIBHIHL YTBOPIOIOTH OPOMDKOK (—1;0), apyra
5

CHUCTCMa HCCYMiCHa.

2-11 cnocib. Ux|]+|[x] =l {[xh[x] =1, Ao x 20, = x € (-10).
[-x]-[x]=1, saxwo x <0,

6. Pos3p’si3atu  piBHSHHS [x+[x+...+[x+[x]]...ﬂ=‘x+‘x‘+...+‘x+‘x‘...

b

SKII0 B 000X YaCTHHAX PIBHSIHHA MO 8 3HAKIB «+t». (Kiposoepaocvrka oba. on., 2008

p., 9 kn.).
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P 0 3 B’ 3 a H H 1. Bukopucraemo piBHICTh [a +n]=[a]+n nAe a — IOBUIbHE
qucio, n — nuuie yucnio. [Ipuiinemo no piBHAHHSA 9[x]= ‘x+‘x+...+‘x+‘xH...H. 3Biacu

[x]>0, oxe x>0, 1 3HaK MOAYJS MOKHa PO3KpUTH. OTPpUMYEMO PIBHSHHS [X]=X,
PO3B’SI3KOM SIKOTO € KO>KHE HEB1JI” €MHE I[IJI€ YHUCIIO.

7. Cepen ycix HaTypaJbHUX YHUCEN 7, SIK1 3aJJOBOJIBHSIOTH PIBHICTh

A e

3HalTH HaliMeHIe 1 HanoutbIne. (BYOM, IV eman, 2001 p., 10 k1.).
P o3 B’s3anH s [logamo uucno » y Burasani » =12k +r, ne 12=HCK(2, 3, 4),

re{0,,..11}. Toal piBHICTh 3aMUIIECTHCS TaK:

12k +r 5 12k +r N 12k +r 9001 &
2 3 4

olek+l =2l ak+ 2 |+ 3k+ L [=2001 = 6k +| = |8k —2| = |43k +| = | = 2001 =
2 3 4 2 3 4

S HEE

3HaliieMo HaiimeHIe 1 HalOuTbIe 3HaYeHHs QYHKIIT f (r)z[ﬂ—2[ﬂ+[ﬂ Ha

muoxuui {0, 1, ..., 11}. He cknagHo mnepekoHatucs, mo min f(r)=-1=7(3),
max f(r)=2= f(8). Tomy n=12(2001-2)+8=23996 — HaliMeHIIe, a n=24027 —
HaWOLIbIIE IITyKaHEe YHCIIO.

7. Po3B’s13aTH PiBHSIHHS cosmx = | = —| > _1 (BYOM, 1V eman, 2011 p., 11 kn.).
2 2] 2

P 03B’ 3 aHH A OCKUIbKM ITpaBa YacTUHA PIBHSAHHA € LIUJIe YUCIIO, a [UTUMHU

3HaUEHHs KOCHHYca € uyucia 0,+1, TO PIBHSHHS PIBHOCHUJIbHE CYKYIMHOCTI TaKUX

TPBOX CHUCTEM:

cosmx =0, cosmx =—1, cosmx =1,

SRk BB ERR

28



HAYKOBI SATINCKN Cepisn: MaTtemaTuyHi Hayku Bunyck 74

VBenemo noszHaueHHs C(x) = F _ [E} _l}

2 2] 2]
1 .
Ko cosm =0, TO mx = i%+2kﬂ' =>x= i5+2k, ne k — uuie yucno. BogHnouac
1 1

1 *—+2k | £—+2k 1 1 1 1
Cl+—+2k|=| 2 ——| 2 e S E T Ry e
2 2 2 2 4 4

: 1 ) -
Ockuibku C(x) =0, KOO x = —§+2k , TO —%+ 2k, k € Z, pO3B’ A3KH PI1BHSHHA.

He cxnagHo nepekoHaTucs, U0 /Bl 1HIII CUCTEMU HECYMICHI.

2|x|+|y| =1,

U |] [2| ” 5 (BYOM, 1V eman, 1998 p., 8 k1.).
x([+ 21| = 2.

9. Po3B’s13aTu cucteMy piBHSIHb {

. 1
P o3 B’a3aHH s 3 nepuioro piBHSIHHSA CUCTEMHU BHUILIUBAE, IO |x|£§, Iy <1.

OcKibKI Ux|]:0, 10 [2pfl=2=|y/=1. Maemo |y|=1, a |x=0. Tomy po3B’s3Ku

cucreMu x =0, y = +1.

3BeeHHs 10 CUCTEMH 3 WIJTMM MapaMeTpoM

10. Po3B’s13aTu piBHAHHS [XTH} = XT_I .

Po3Bsg3amuH 4 ko ksx?w<k+1, TO [)H_ﬂ:k 1 x—_lzk. Tomy

pOSB’HBYBaHHH piBHHHHH 3BOAUTHCA OO pOSB’HBYBaHHH MIIIaHOI CUCTEMH
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3 LUIMM TapamMeTpoM k. 3HaiiieMo Ti 3HAY€HHsS NapaMmeTpa NpU SKUX CHCTeMa
cymicHa. [{ns 1bOro 3 OCTAHHBOTO PIBHAHHS CHCTEMH BHpPa3UMO x uYepe3 k 1
M1CTaBUMO HOro y MoJIBIiHY HEPIBHICTb:

{3k£2k+4, {ks4
=

= k=2,34.
2k+4 <3k+3 k>1

ks%<k+l

Omxe, MilllaHa cHUCTeMa CYMICHA 3a YMOBH, IO k=2,3,4, 1 ii po3B’SA3KaMH €
BIIMOBIHI 3HAY€HHS 3MIHHOI x: 5,7,9, Kl JICTAEMO 3 OCTaHHbOT'O PIBHIHHS

cUCTeMHU. 3100yTl 3HAYEHHS x € PO3B’SI3KaMU JaHOTO PIBHSIHHS.

11. Po3B’s13aTu piBHAHHS [ x} =x"—2x.

P 03 B’s3aHH 1. Cioyarky BUKOHAEMO PIBHOCUIIbHI IEPETBOPEHHS PIBHIHHS

[1 _23’“} =X —2x & [1_23’“} tl=(x-1) < [3 _23’“} =(x—1)".

[lepetinemo Bin 3700yTOTO PIBHSIHHS /10 MIIIAHOI CUCTEMH

[3—3)1:]{’
2

3-3x

k <

<k+1,

(x-1) =k

3 LUIUM MapamMeTpoM k, KM, BPaxOBYIOUM OCTaHHE PIBHSHHS CHUCTEMH, TTOBHHEH
Oytu HeBin eMHUM. OCKUIBKM MOJBIfHA HEPIBHICTh CUCTEMHU PIBHOCHJIBHA CHUCTEMI
HEpIBHOCTEH

4k* <9(x—-1)> < 4(k+1)*,
1-x2>0,

TO JOCHII)KEHHS CYMICHOCTI CHUCTEMHU 3BOJMUTHCS JIO PO3B’SI3yBaHHA MOJBIHHOI

HEPIBHOCTI

0<k<2.

. . (4K <ok, 4k <9,
4k* < 9k < 4k +1)> <

= =
Ok < 4(k+1)° 4k —k+4>0

30



HAYKOBI SATINCKN Cepisn: MaTtemaTuyHi Hayku Bunyck 74

[Ipu 3HalieHUWX 3HAYEHHAX MapamMeTpa k MillaHAa CHCTEMa CyMicHa. BiamoimHi

3HAYeHHsI 3MIHHOI x 3HAXOAWMO 3 PIBHSAHHS (x-—1)° =k, BpaxoBymuH, mo x<I.
Maemo 1-+/2, 0,1 — po3B’43K1 PiBHSHHSL.

12. 3maiitu yci Taki AIMCHI uucia X, [0 HE € LUIMMH 1 TpPU I[OMY

2004 2004
=[x]+
X [x]

32/I0BOJILHSAIOTH PIBHICTD X + . (BYOM, Il eman, 2004 p., 10 knx.).

P o3 Bs 3 aHd H 4. Buxonyioun odeBUAHI PIBHOCHIIbHI MEPETBOPEHHS,

x])[l ~ 2004}
X[ x]

OCKUTBKM X HE € UUIMM 4ucioM, To x —[x]# 0, a Tomy

OTPUMAEMO PIBHSHHSI

[x]=k,02keZ, |,_2004

1—2004:0<:>x[x]:2004<:> k<x<k+1, = k
x[x] 2004
kx = 2004, k<—k <k+1.
o . : : : 2004
CrnouaTky 3 MOJIBIHHOT HEPIBHOCTI 3HAXOAUMO k = —45, a oTiM X = —4—5.

13. Po3p’s13atu piBHSHHA [2x —1]-[3-x]=2. (Kiposoepaocvka ox., 2005 p., 9
KIL.).
Po3B’sa3anns dkmo 2x—1]=k, 10 [3-x]=k-2. Tomy Maemo cucremy

- . . E<2x-1<k+1, .
IMOJABIMHUX HEPIBHOCTEU 2 <3y < bl 3 UMM apaMeTpoM k. Jljs BU3ZHAUCHHS
— S — x —

TUX 3HAYE€Hb MapaMeTpa, MPU SIKUX CHCTeMa OyJe CYMICHOI KOXHY TMOABIHHY
HEPIBHICTh MEPETBOPUMO TakK, 00 CEpeaHs YaCTHHA B 000X MOABIMHUX HEPIBHOCTAX

Oy7na oJHaKoBa:

k+1 k+2
<x< R

2 2
4—k<x<5-k.

HeoOxigHot0 yMOBOIO iICHYBaHHS PO3B’s3KIB 3/00yTOT CUCTEMHU HEPIBHOCTEU €

HEPIBHOCTI % <5-k14-k< k+2 . 3B1jicH 3HaX0UMO k =3. 3 OCTaHHBOI CUCTEMU

HEPIBHOCTEM JicTaeEMO X =2:
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4. Po3B’s13aTu pIBHSIHHS [\/; +ﬂ = [)Hﬂ . (Xapxiscoka o6 on., 2010 p., 10
KIL.).

1 .
Po3B’s13aHHsi YBeneMo nNo3HauYeHHSI [\/;+ﬂ =k, k>0 — UJI€ YUCIIO.

Toni [x +ﬂ =k= [x +ﬂ =k*. Li piBHOCTI OyQyTh BHKOHYBaTHCSl 32 YMOBH,

1o

kéx/;+l<k+1, k—ls\/}<k+l,
2 2 2
1 < 1 1
K <x+—<k*+1 kK> ——<x<k>+—.
2 2 2

Sxmo k=0, TO

:>0£x<l.
1 1 4
——<x<—

2 2

Sxio k — HaTypajabHE, TO JICTAEMO PIBHOCUIIbHY CUCTEMY
2 2
k —l <x<|k +l ,
2 2
kz—l£x<k2+l.
2 2

2 2
1 1 1 1
He ckmamHo mepekoHATHCS, IO (k _Ej <k’ - kK’ + < (k +Ej . Tomy

. . ) 1 1
PO3B SI3KH I[1€1 CUCTEMHU YTBOPIOIOTH IIPOMIKKHU [kz —E,kz +§], k=12,...

O6’enHaHHA  MPOMIKKIB [0, %) U (G[kz —%,kz +%n YTBOPKOE  MHOXUHY

k=1

PO3B’SI3KIB PIBHSAHHS.

15. Po3B’s13aTu piBHSIHHS [L}+[ ! }: 0. (BYOM, Ill eman, 2014 p., 10, 11

sin x CcOSX

KIL.).

32



HAYKOBI SATINCKN Cepisn: MaTtemaTuyHi Hayku Bunyck 74

P o3 Bs3amnn g OI3 piBHAHHSA CKIAIalOTh YKMCIA, BIAMIHHI Bil 7m 1

£+77,7’l e
7 )

.. 1 .
m,n — LUI 4ucnia. Ko [—}zk, TO [ }z—k. Tomy nictaemo cucremy

sin x COSX
1
k < —< k+ 1,
- . . n .
IMOJABIMHUX HEPIBHOCTEU St x 3 OuUmM napaMmeTpoM k. HeckimamHo
-k < <—-k+1
CcOSX

MePEKOHATUCS, III0 BOHA HECYMICHA, AKIIO0 k =0 abo k = +1.

k1o k>2, To g cUcTeMa PIBHOCUJIbHA TaKIMH:

ﬁ<sinx£%,
+

1
| . (D
——<cosx<—.
1-k -k

Po3B’s13ku cuctemMu MOTPIOHO IYKaTH Y APYTiid YBEPTI KOOPAUHATHOI IJIOIIMHH.

o T o . . . .
Hexait x e (—,ﬂ'] . POSB’HBYIOLII/I IMOJAB1MH1 HCPIBHOCT1, J1CTAEMO CUCTCMY
2

! o1
ﬂ—arcst£x<ﬂ—arcsmn,
+
(2)

1 1
arccos— < x < arccos——.

Bona moxxe OyTH CyMICHOIO TUIBKH 332 YMOBH, 1110

T —arcsin 1 < arccosL sin| 7 —arcsin 1 > sin arccosL ,
k ’ k 1-k

+k

1 | i 1 ) | 1) 1
arccos—— < —arcsm —— S| arccos—— | > S| & —arcsin —— 1-
k 1+% 1

€IIMHUM IUTUM PO3B’SI3KOM 3100yTOT CUCTEMH € k =2 . Po3B’smkemo cucteMy (2)
MIPU yCTAaHOBJIECHOMY 3HAUCHHI MapameTpa:
1 1 S 1
ﬂ—arcs1n§£x<ﬂ—arcs1n§, ?£x<7r—arcs1n—,

V3 1
. = 5 S?SX<7T—EH‘CS1H§.
T
arccos—2 < x < arccos(—1) Y <x<rm
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SIKu1o k£ < -2, TO B YeTBEPTIN YBEPTI aHAIOTTYHO 3HAXOAUMO PO3B’SI3KH CUCTEMU
. 1 =
(2). Boru yTBOPIOIOTH MPOMIXKOK —arceos—,—— .

BpaxoByroun nepioiM4HICTh CUHYCA 1 KOCUHYCA, 1ICTAEMO MHOKHUHY X
PO3B’S3KIB JAaHOTO PIBHSHHS —

X:U 5—ﬂ+27m, (1+2n)7r—arcsinl U 27m—arccosl,27m—£ .
ol L 6 3 3 3

16. 3HaiiTH BCi HaTypaJibHI YUCTIA n TakKi, 10 YUCTa 7, [n\/i l un\/i }\/EJ
YTBOPIOIOTH apupMeTuuny nporpecito. (BYOM, IV eman, 2002 p., 10 kx.).

P o3 B’s 3 a HH s Skmo 3agaHi yncia yTBOPIOIOTh apu(METUIHY TPOTPECIIO,
TO TMOBUHHA BUKOHYBaTHCA DiBHICTb n+ |[ny/2 }\/EJ: 2[}1\/5 J VYBIBIIM TIO3HAYCHHS
[nﬁJ: p, peN, IICTAaHEMO PIBHSHHS 2p = |_x/§pJ+n.

YTBOpUMO cHUCTEMY PIBHSHb

(e

3 I_IiJII/IM A0OAaTHUM IIapaMCTpOM p. 3HaﬁHCMO T1 3HAYEHHS p, IIpU dKHUX CHUCTCMaA

MOXXE€ MaTH PO3B’SI3KH. 3a O3HAYEHHSM LLJIOT YACTMHM MA€EMO CHCTEMY MOABIMHUX

HEPIBHOCTEH

p<nx/§<p+1, p<n\/§<p+1,
f—
2\/§p—2p<n\/§<2\/§p—2p+\/§.

OCKinbKu 24/2p—2p < p+1, TO cucTeMa MOXke OyTH CyMiCHOIO TilIbKH 33 YMOBH,

2p—n<\/§p<2p—n+l

Mo p<2V2p-2p+v2= p<3J2+4<9= p<8. 3 HepiBHOCTI nV2<2V2p-2p++/2

BuILmBae, mo n < 5. He CKkiagHo nepexkoHaTucs, o MyKaHuMy yuciamu € 1, 2, 3, 5.

Jlokanizanis o0JiacTi JOMYCTUMHX 3HAYECHDb PiBHAHHSA

: 2
17. Po3B’s13aTu piBHSIHHSA \/x —{x} - \/x —[x]= 3

Po3B’s13aHHs. OCKiTbkU x—[x]={x}, a x—[x]= {x} g OyAb-IKOTO 3HAUYCHHS

. . . . . 2
x, TO 3aJaHe PIBHIHHS PIBHOCHIILHE IppallOHaJIbHOMY PIBHSHHIO /[x] :§+1/{x}.
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OO6nacTi0O JOMYyCTUMHUX 3HAY€Hb [x] € MHOXHMHA I[IJIUX HEBIT €MHHUX YHCEN. 3
. .. 2 2 5 .
BJIACTUBOCTI 4) 1p0oOOBOT YACTHHU BUILIMBAE, 110 3 < 3 +4{x) < 3 Tomy niBa yacTuHa

PIBHSIHHS TaKO>X TTOBUHHA MICTUTHUCS HA IIbOMY 1 TUIBKH HA IIbOMY MPOMIDKKY:

%S [x]<§<:>g£[x]<%:>[x]e{1;2}c{0,1,---}.

. 2 . 1 .
Skmo [x]=1, TO cIOYATKY 3 PIBHAHHSA J1 :§+ J{x} nmicraemo {x} = 3 a IoTIM

22 42 40 442

10 )
3HAXOJUMO X = rE Y BUNaAKy, KON [x] =2, 3HAXOIAUMO {x} = 5 3 1 x= 5 3

18. Po3B’si3atu piBHsHHS x° +2" =2 . (Kiposoepaocvka on., 2002 p., 10 kx.).

P o3 B’s3aHH 4. O4eBUAHO, 110 KOKEH JOJIaHOK JIIBOT YACTUHU PIBHSIHHS HE
Moxe Oytu GinbmmM 3a 2. ToMy [—/2,+/2] — OpoMikKOK, Ha SKOMY Tpeba IIyKaTH

PO3B’SI3KU PIBHSIHHS. Po3B’s13yr0un PIBHSIHHS Ha MIPOMDKKAX
[—\/5,—1),[—1, 0),[0; 1),[1;\/5) ICTAaEMO x:—ge[—ﬁ,—l). Ha iHmmx mnpomixkax

PIBHSIHHS pO3B’SI3KIB HE MAE.

19. Po3p’si3atu piBHsHEA [tgx|\1-1g°x = tex. (Kuiscoka pationna on., 2006 p., 11
KIL.).

P o3 B’sa3aHH A 3HaueHHs TaHN€HCAa HE MMOBUHHI BUXOJUTH 32 MEXI BIIpi3Ka

[-1,1]. Hexait tgx e[-1,0). Toxi [tgx]=-1. JlicTaeMo0 piBHSIHHS
2 2
—J1-tg’x =tgx & 2g’x—1=tgx = —g =>Xx= —arctg§+7m, ne/z.
SAxmo #gxe[0,1), TO [tgx]=0. Maemo piBHSHHS fgx=0. 3BiICcU x=kr,keZ. Y
BUIMAJKY, KOJMU ifgx=1, TPUXOAUMO JO CYINEpedyHocTi O0=1. Bionogiov:
2
—arctg7+7zm, m,m,ne’z.

20. Po3B’s13aTH piBHSAHHSA {x}° +2{x} =3x’. (BYOM, IV eman, 2012 p., 8 x1.).
P 03 B’s 3 a H H 1. Jlokanizyemo O/13 piBHAHHS. 3a BIACTUBICTIO 4)
3x° ={x}’ +2{x} <3=x* <1.
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Po3B’s13k1 mykaTuMeMo Ha IpoMiKKY (-1, 1). TlepeiinemMo A0 101 YacTUHMU:

(X} +2{x} =3x* & (x - [x])2 + 2(x - [x]) =3x> & x> =2x[x]+[x] +2x-2[x] =3x* &

-1<x<0, -1<x<0, 2-410
2 2 = X=
, , 2x+1+2x+2=2x 2x°—4x-3=0 2
=2x[x]+[x] +2x-2[x] =2x" < &
0<x<l, 0<x<],
5 5 = x=0.
—2x=2x x“+x=0

Bionogion: 2_2\/m, 0.

2015+ x

21. Po3B’si3atH piBHSHHS x™°° — x** =
1+[x]

}. (BYOM, 1V eman, 2013 p., 9

KIL.).
P 03B’ 3 aHH s 3 ypaxyBaHHAIM 0OMEXEHOCTI IPOOOBOT YaCTUHU JICTAEMO
HEPIBHICTh
0<x™ —x*™ <1=> X (x-1)<0=x<[0,1].

2015+ x
1+[x]

Sxmo xe[0,1), To [x]=0, a { } = x. Tomy 1ICTAa€EMO PIBHSHHS

2013 _ 2014

X M =x o x(x*” -x""+1)=0=>x=0.

[lepeBipKOIO BCTAHOBIIOEMO, IO 1 — PO3B’SA30K PIBHAHHI. Bionogiov: 0,1.

BHKOpPHCTOBYIOUM HABEEH] CIIOCOOH, MOKHA PO3B’ I3aTH PIBHAHHS:

1. [x2°°3]+ [x2°°2]+...+ [x2]+ [x]={x} —1. (BYOM, IV eman, 2003 p., 8 k1.).
2. J1+{2x} =[x*]+2[x]+3. (BYOM, IV eman, 1998 p., 11 kx.).

3 ctg’x ={sin’ x} +[cos’ x]. (BYOM, IV eman,1994 p., 11 xx.).

4 [x]+@:{x}+@ (BYOM, 1V eman, 1999 p., 9 k1.).

[x] {x}
5 [x1=[[x]. (BYOM, IV eman, 2003 p., 8 xx.).

6 Ux|]+|[x] =a,ae R (Kiposoepaoceka oxn., 2001 p., 10 kx.).

7 [x+[x+...+[x+[x]]...ﬂ=‘x+‘x‘+...+‘x+‘x‘... , JIe:

1) y niBiit yactuHi piBHSHHS 10 3HaKIB «+», a B ipaBiii — 11 3HaKIB «+»,
36
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2) y niBii yacTuHl piBHSAHHA 11 3HaKiB «+», a B mpaBid — 10 3HAKIB «+».
(Kiposoepaocvka oba. on., 2008 p., 10, 11 kx.).
8. 3HaiiTu HaiiMeHIIHil KOPiHb PiBHAHHA x—[vx]*—2011=0. (Jbsiscora 06a. on.
2011 p., 8 kn.).
9. 3HaillTM 3HAYEHHSA BUpPa3y [xz]—[x]z JUIS BCIX TaKUX JIMCHUX x, IO
32/I0BOJILHSIOTH PIBHICTD [x]{x} :&207. (Ooecvka 06n. on., 2007 p., 10kn.).
Bionosioi: 1. —1.2. —1,5,-0,5. 3. %+kﬂ, +0,5arccos(2—+/5) +kr, k € Z.

1999
n

a=2k,k=0,1,2,...; xe(-k;1-k), axwmo a=2k-1,k=1,2,... .

4.n+ ,n=2000,2001,...5. xe{-n,neN}U[0,+o). 6. xe{-k}U [k;k+1), akwo

7.1). 0. 7.2). %,k:o, 1,..,10. 8. 1014047. 9. 2007.
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